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EINSTEIN METRICS VIA INTRINSIC
OR PARALLEL TORSION
RICHARD CLEYTON AND ANDREW SWANN
Abstrat. The lassiation of Riemannian manifolds by the ho-
lonomy group of their Levi-Civita onnetion piks out many in-
teresting lasses of strutures, several of whih are solutions to the
Einstein equations. The lassiation has two parts. The rst on-
sists of isolated examples: the Riemannian symmetri spaes. The
seond onsists of geometries that an our in ontinuous fami-
lies: these inlude the Calabi-Yau strutures and Joye manifolds
of string theory. One may ask how one an weaken the denitions
and still obtain similar lassiations. We present two losely re-
lated suggestions. The lassiations for these give isolated exam-
ples that are isotropy irreduible spaes, and known families that
are the nearly Kähler manifolds in dimension 6 and Gray's weak
holonomy G2 strutures in dimension 7.
2000 Mathematis Subjet Classiation. Primary 53C10; Seondary 17B10,
53C25, 53C29.
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EINSTEIN METRICS VIA TORSION 3
1. Introdution
Linear onnetions and the equivalent notion ofG-strutures are fun-
damental areas of interest in dierential geometry. Their equivalene
goes through the holonomy of the onnetion and it is a well-known
Theorem by Hano and Ozeki that any subgroup G of the general linear
group may be realised as the holonomy of a onnetion on some mani-
fold [11℄. On the other hand, one has the muh more restritive lass of
torsion-free onnetions and their holonomy. The lassiation of the
irreduible holonomy representations of torsion-free onnetions was
ompleted by Merkulov and Shwahhöfer [13℄ and reently Shwah-
höfer has given a more algebrai proof [14℄. This artile onerns itself
exlusively with Riemannian manifolds and therefore the partiular
ase of Riemannian holonomy will have speial signiane. Riemann-
ian holonomies have yielded geometri strutures suh as Calabi-Yau
manifolds, Joye manifolds, hyperKähler and quaternioni Kähler man-
ifolds of great interest in both mathematis and physis.
If Mn is a Riemannian manifold, the holonomy algebra g ats on
tangent spaes via a representation V . This indues ations of g on the
spaes of trae-less symmetri two-tensors S20V and algebrai urvature
tensors K(g) with values in g. Apart from the generi holonomy rep-
resentation of so(n) on Rn and that of u(n) on Cn of Kähler geometry,
all holonomy representation satisfy that the representations K(g) and
S20V have no irreduible summands in ommon. Shur's Lemma shows
that this happens preisely when the equation (K(g)⊗S20V )
G = {0} is
satised. As a onsequene, a Riemannian manifold is Einstein as soon
as the Lie algebra of its holonomy group is a proper subalgebra of so(n)
not equal to u(n/2). Our aim is to generalise this type of statement to
the more general framework of metri onnetions and their holonomy.
Among metri onnetions, the onnetions that give rise to the Rie-
mannian holonomy groups may be viewed as preisely those with van-
ishing intrinsi torsion. The torsion of a metri G-onnetion is a ten-
sor taking values in Λ2V ∗⊗V , where V represents tangent spae as a
G module. If g⊥ denotes the orthogonal omplement of the Lie alge-
bra g of G in so(n) with respet of the metri then the projetion of
the torsion to the image of V ⊗ g⊥ under the anti-symmetrising map
δ : V ∗⊗ so(n) → Λ2V ∗⊗V is independent of the hosen G-onnetion.
The tensor thus dened is alled the intrinsi torsion of the assoiated
G-struture and enodes its dierential geometri data.
Using the deomposition of V⊗ g⊥ into irreduible G modules one
may lassify the geometries indued by a G-struture aording to
where the intrinsi torsion takes its values, an approah rst taken
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by Gray and Hervella [10℄ for almost Hermitian manifolds and sine
used by many others.
Interesting examples of onnetions with non-trivial intrinsi torsion
have arisen from Gray's denition of weak holonomy [9℄. These inlude
the six-dimensional nearly Kähler geometry with struture group SU(3)
and weak holonomy G2 in dimension 7. Both geometries give Einstein
metris.
In this artile we take the following approah. We onsider all
G-strutures on Riemannian manifolds with non-trivial intrinsi tor-
sion. If we onsider all metri onnetions with torsion the Hano-Ozeki
Theorem tells us that any Lie subgroup of O(n) an be realised as the
holonomy group of a metri onnetion on some Riemannian manifold.
We therefore impose various extra onditions on the G-struture and
its intrinsi torsion with the spei aim of obtaining Einstein metris.
The results are lassiations akin to Berger's in the sense that we ar-
rive at a disrete family of manifolds made up by the non-symmetri
isotropy irreduible homogeneous spaes and ontinuous families made
up of manifolds of weak holonomy G2 and nearly Kähler six-manifolds.
The ontents may be outlined as follows: In setion 2, we give
some of the basi fats and denitions we will need. In setion 3,
Theorem 3.3 gives three onditions on the intrinsi torsion and tan-
gent spae representation of a G-struture that guarantee a solution
to the Einstein equations. The rst two of these onditions have as
onsequenes that the intrinsi torsion must be skew-symmetri and
that G ats irreduibly on tangent spaes. Given that G ats irre-
duibly on V , we investigate the onsequenes of the third ondition:
(K(g)⊗ S20V )
G = {0} in the fourth setion. These are listed in Theo-
rem 4.13. As a by-produt of this investigation, we obtain an algorithm
for omputing the spae of algebrai urvature tensors for an arbitrary
representation g→ so(n). Using the results of setion 4, Theorem 5.14
gives a lassiation of the holonomy groups of metri onnetion with
parallel torsion when the holonomy group ats irreduibly on tangent
spaes. Finally, in Theorem 6.6, we make a similar lassiation of
manifolds with a G-struture with invariant skew-symmetri intrinsi
torsion and G ating irreduibly on tangent spaes. The ruial fat
used here is that under these onditions we may onlude that the
intrinsi torsion is parallel.
Gray-Hervella type lassiations of spaes with skew-symmetri in-
trinsi torsion have been made by A. Fino [6℄, while the ase of skew-
symmetri torsion have been onsidered by, among others, Friedrih
and Ivanov [7, 8, 12℄.
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2. Riemannian Geometry and Metri Connetions
Let (Mn, g) be a Riemannian manifold. The spae O(M) of frames
on the tangent bundle orthonormal with respet to the metri g forms
a prinipal O(n)-bundle, where O(n) ats on the right by hange of
basis. Write Rn for the standard representation of O(n). Then the
tangent bundle an be identied with the assoiated vetor bundle
O(M)×
O(n)R
n
and, similarly, the bundles of (p, q)-tensors onM may be
identied with O(M)×
O(n) (R
n)(p,q). Setions of bundles of tensors may
be identied with equivariant maps σ : O(M) → (Rn)(p,q) for whih
σ(pg) = g−1σ(p) for g ∈ O(n) and these setions or maps may be
deomposed aording to the deomposition of (Rn)(p,q) into irreduible
O(n)-submodules. In what follows we will write Λp for the p-th exterior
power of Rn as an O(n)-representation.
Denition 2.1. Assume that a Riemannian manifold (M, g) has a
struture redution P ⊂ O(M) to a G-struture. Let V be the indued
representation of G on tangent spaes. When M has suh a struture
redution we will say that the triple (M, g, V ) is a G-manifold.
If the representation V is irreduible we say that M or, more pre-
isely, (M, g, V ) is G-irreduible.
If the struture redution is given by the holonomy G of a metri
onnetion ∇ˆ on (M, g) we will say that (M, g, V ) is the G-manifold
determined by ∇ˆ.
A G-onnetion ∇ˆ on a G-manifold (M, g, V ) is a onnetion for
whih the holonomy group ats on tangent spaes as a subgroup of G.
A metri onnetion on a Riemannian manifold (M, g) is onnetion
with holonomy ontained in O(n).
When (M, g, V ) is a G-manifold the deompositions of O(n)-repre-
sentations into G-modules let us deompose the tensors of M even
further. In this ase we have vetor bundle isomorphisms T (p,q)M ∼=
(M, g)×
O(n) (R
n)(p,q) ∼= P ×G V
(p,q)
and setions may be thought of as
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G-equivariant maps σ : P → V (p,q). Let τ be a setion of the tensor
bundle T (p,q)M and assume that τ via the identiation with a G-
equivariant map P → V (p,q) atually takes its values in some submodule
W ⊂ V (p,q). When this is the ase we use the onvenient notation
τ ∈ W .
Remark 2.2. Note that representations are real unless we state other-
wise and all Lie groups and Lie algebras are subgroups and subalgebras
of the orthogonal ones. Therefore we are free to identify representations
with their duals and will do so.
As an important example, let ∇ˆ be a metri onnetion on a Rie-
mannian manifold (M, g) and let (M, g, V ) be the G-manifold deter-
mined by ∇ˆ. Sine ∇ˆ is a metri onnetion its holonomy algebra is
a subalgebra of g 6 so(n). The dierene between the metri onne-
tion and the Levi-Civita onnetion ∇g therefore forms a tensor taking
values in V⊗ so(n):
η := ∇g − ∇ˆ ∈ V⊗ so(n)
The map δ : V⊗ so(n) → Λ2V⊗V given by (δα)XY = αXY − αYX is
an isomorphism mapping η to the torsion Tˆ of ∇ˆ. This justies using
the terms torsion or torsion tensor for either η or Tˆ interhangeably.
Let Rˆ be the urvature of ∇ˆ:
RˆX,Y = [∇ˆX , ∇ˆY ]− ∇ˆ[X,Y ].
Then the Ambrose-Singer Theorem [1℄ tells us that Rˆ ∈ Λ2V⊗ g.
OnM the Levi-Civita onnetion ∇g is singled out by requiring that
it is a metri onnetion whih is torsion-free:
T gXY := ∇
g
XY −∇
g
YX − [X, Y ] = 0.
A onsequene of this is that the Riemannian urvature tensor Rg sat-
ises the rst and seond Bianhi identities:
RgX,Y Z +R
g
Y,ZX +R
g
Z,XY = 0
∇gXR
g
Y,Z +∇
g
YR
g
Z,X +∇
g
ZR
g
X,Y = 0.
We write b1 for the map Λ
2⊗ so(n)→ Λ3⊗Λ1 given by
(b1R)(X, Y, Z) = R(X, Y, Z) +R(Y, Z,X) +R(Z,X, Y )
and b2 for the map Λ
1⊗Λ2⊗ so(n)→ Λ3⊗ so(n) given by
(b2R
′)(X, Y, Z,W ) = R′(X, Y, Z,W )+R′(Y, Z,X,W )+R′(Z,X, Y,W ).
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Write K(so(n)) for the kernel of b1 and K
′(so(n)) for the kernel of b2.
Then the rst and seond Bianhi identities say, respetively, that:
Rg ∈ K(so(n)) and ∇gRg ∈ K′(so(n)).
Note that when we identify Λ2 ∼= so(n), we have K(so(n)) ⊂ S2(so(n)).
If the Riemannian holonomy of g is ontained in G then, by the
Ambrose-Singer Theorem, Rg takes values in Λ2V⊗ g. But Rg also
satises the rst Bianhi identity whene R ∈ K(so(n)). Thus
R ∈ K(so(n)) ∩ (Λ2V⊗ g) = ker{b1 : Λ
2V⊗ g→ Λ3V⊗V }.
Denition 2.3. The representation
(2.1) K(g) := ker{b1 : Λ
2V⊗ g→ Λ3V⊗V }
is alled the spae of algebrai urvature tensors with values in g.
In the presene of a metri onnetion ∇ˆ with torsion η = ∇g − ∇ˆ
we may write the Riemannian urvature as
(2.2) Rg = Rˆ + (∇ˆη) + (η2),
where (∇ˆη) is the anti-symmetrisation of the ovariant derivative of η
with respet to ∇ˆ:
(∇ˆη)X,YZ := (∇ˆXη)YZ − (∇ˆY η)XZ
and
(η2)X,Y Z := [ηX , ηY ]Z − ηηXY−ηY XZ.
Sine Rg ∈ K(so(n)) and ∇gRg ∈ K′(so(n)) we have
b1Rˆ = −b1(∇ˆη)− b1(η
2)(2.3)
and
b2∇ˆRˆ = −b2∇ˆ(∇ˆη)− b2∇ˆ(η
2).(2.4)
We will refer to equations (2.3) and (2.4) as, respetively, the rst and
seond Bianhi relations.
3. Intrinsi Torsion and Einstein Manifolds
Let (M, g, V ) be the Riemannian G-manifold and let ∇ˆ be a G-
onnetion on (M, g). Write g⊥ for the orthogonal omplement of g <
so(n) and ηg for the omponent of the torsion tensor η in V⊗ g. Then
the tensor
ξ := η − ηg ∈ V⊗ g⊥
is independent of the hoie of G-onnetion on (M, g, V ). Correspond-
ing to ξ is a onnetion ∇˜ := ∇g − ξ.
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Denition 3.1. When (M, g, V ) is a G-manifold we all the G-on-
netion ∇˜ the minimal onnetion and ξ the intrinsi torsion of the
G-struture.
This denition is justied by the fat that ξ may be identied with
the intrinsi torsion of the G-struture as dened in the introdution
via the isomorphism δ. The argument above proves
Proposition 3.2. Let (M, g, V ) be a G-manifold. Then the minimal
onnetion ∇˜ is the unique G-onnetion ∇˜ on M suh that the torsion
tensor
ξ = ∇g − ∇˜ ∈ V⊗ g⊥ .
Among the G-onnetions on (M, g, V ) the onnetion ∇˜ has the prop-
erty that it minimises the L2-norm of torsion tensors (on ompat sub-
sets of M). 
The urvature R˜ of the minimal onnetion is of ourse related to the
Riemannian urvature preisely as in equation (2.2) for general metri
onnetions:
(3.1) Rg = R˜ + (∇˜ξ) + (ξ2)
and the rst Bianhi relation for R˜ is
b1R˜ = −b1(∇˜ξ)− b1(ξ
2).
Write K(g) for the kernel of the restrition b1 : Λ
2V⊗ g→ Λ3V⊗V and
K(g)⊥ for its orthogonal omplement in Λ2V⊗ g. Then we may split R˜
into the respetive omponents R˜ = R˜0 + R˜1 and onlude that sine
b1 is injetive on K(g)
⊥
, R˜1 is ompletely determined by the intrinsi
torsion and its ovariant derivative. This observation forms the entral
idea in
Theorem 3.3. Let (M, g, V ) be a Riemannian G-manifold. Assume
that the intrinsi torsion takes values in the G-submodule W ⊂ V⊗ g⊥.
Then g is Einstein when the following onditions are satised:
(a) (V⊗W⊗S20V )
G = {0},
(b) (S2W⊗S20V )
G = {0},
() (K(g)⊗S20V )
G = {0}.
Proof. Write the urvature tensor of ∇g as in formula (3.1). As ξ ∈ W
the tensors (∇˜ξ) and (ξ2) satisfy
(∇˜ξ) ∈ V⊗W,
(ξ2) ∈ S2W.
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Sine the omponent R˜1 of the urvature of the minimal onnetion
is determined by these two tensors we also have R˜1 ∈ V⊗W + S
2W .
Therefore the three onditions together, through Shur's Lemma, imply
that no omponent of the Riemannian urvature an ontribute to the
trae-free Rii-tensor, whene g is Einstein. 
The onditions are very strong. Condition (a) implies, rst of all,
that no irreduible G-module an our in the deomposition of both V
and W , i.e., that (V⊗W )G = {0}. Therefore (W⊗(V⊗S2V ))G = {0}.
By exatness of the sequene of G-modules
0 −→ Λ3V −→ V⊗Λ2V −→ S2V⊗V −→ S3V −→ 0
this implies that W ⊂ Λ3V .
Condition (b) implies that V is irreduible. We therefore have the
following
Corollary 3.4. Let (M, g, V ) be a Riemannian G-manifold for whih
the intrinsi torsion takes values in W ⊂ V⊗ g⊥. If V and W satisfy
onditions (a) and (b) of Theorem 3.3 then (M, g, V ) is G-irreduible
and the intrinsi torsion is a three-form. 
In partiular, Corollary 3.4 ensures that it is not restritive to assume
that V is irreduible when onditions (a) and (b) of Theorem 3.3 are
satised. Furthermore, when V is an irreduible representation of a Lie
groupG it is possible to say preisely when ondition () of Theorem 3.3
is satised. This will be the main result of the next setion.
4. Berger Algebras and Algebrai Curvature Tensors
The question we wish to address now is: Given that G is a Lie
group ating irreduibly on a real vetor spae V , when does the spae
of algebrai urvature tensors onsist of Einstein tensors only? We
will obtain an answer to this at the end of the setion. This will be
obtained using tools of the Riemannian holonomy lassiation, most
notably the onept of the Berger algebra g of the Lie algebra of g.
Note that the Lie algebra g of G may at reduibly on V even though
G ats irreduibly. Therefore we need to be able to alulate Berger
algebras and the spae of algebrai urvature tensors for reduible as
well as irreduible representations.
4.1. Fats and Denitions. First a few words on notation: we write
so(V ) for the representation of so(n) on V whenever V is a real n-
dimensional vetor spae.
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Denition 4.1. Let g be a Lie algebra and V be a faithful represen-
tation of g as a subalgebra of so(V ). We then all the pair (g, V ) a
metri representation. If the representation V of g is irreduible we say
that (g, V ) is irreduible.
The Berger algebra g of a metri representation (g, V ) is the smallest
subspae p of g suh that K(p) = K(g).
We ollet some fats about the Berger algebra and the spae of
algebrai urvature tensors of a metri representation (g, V ). The rst
two are elementary onsequenes of the denitions. For proofs of the
latter three we refer the reader to [3, 4, 14℄.
Fat 1: (g, V ) is a metri representation and g = g.
Fat 2: The spae of algebrai urvature tensor for the repre-
sentation V of g satises
K(g) = S2(g) ∩K(so(V )).
Fat 3: The Berger algebra g of a Lie algebra g is an ideal in
g.
Fat 4: The Berger algebra satises
g = {r(α) : r ∈ K(g), α ∈ Λ2V }.
Fat 5: A metri representation (g, V ) is a Riemannian holo-
nomy representation if and only if g = g.
For ease of referene we also provide a list of the irreduible Rie-
mannian holonomy representations and their assoiated spae of alge-
brai urvature tensors here, see Table 1. For a omplex representation
U the notation JUK is used to indiate the real representation obtained
by restriting salar multipliation to R. In the table and and hereafter
the symbols L, H, E are used for the standard omplex representa-
tions of u(1), sp(1), sp(n), respetively and Λ1,0 is used for the standard
representations of both u(n) and su(n). We use the notation V dλ for the
irreduible representation of dimension d and highest weight λ. Spe-
ial names have been given to the spin-representation ∆ of spin(7),
the spae of Weyl urvature W and the highest weight module Σ2,20 of
S2(Λ1,0)⊗S2(Λ0,1).
4.2. Reduible Representations. We start by onsidering the fol-
lowing speial instane:
Example 4.2. Let V = V1 ⊕ V2, where V1 and V2 are both non-trivial.
Consider the inlusion so(V1)⊕ so(V2) ⊂ so(V ). We have
S2(so(V1)⊕ so(V2)) = S
2(so(V1))⊕
(
so(V1)⊗ so(V2)
)
⊕ S2(so(V2)).
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g V K(g)
so(n) Λ1 = Rn W + S20 + R
u(n) JΛ1,0K = Cn Σ2,20 + Σ
1,1
0 + R
su(n) JΛ1,0K = Cn Σ2,20
sp(n)⊕ sp(1) EH = Hn S4E + R
sp(n) JEK = Hn S4E
spin(7) ∆ = R8 V 168(0,2,0)
g2 V
7 = R7 V 77(0,2)
g p R
Table 1. The irreduible Riemannian holonomy repre-
sentations and the assoiated spaes of algebrai urva-
ture tensors. In the last row g and p denotes the isotropy
algebra and representation, respetively, of those irre-
duible symmetri spaes not overed by earlier entries
in the table.
The image of S2(so(V ))) under b1 is Λ
4V whih deomposes as
Λ4V = Λ4V1 ⊕
(
Λ3V1⊗V2
)
⊕
(
Λ2V1⊗Λ
2V2
)
⊕
(
V1⊗Λ
3V2
)
⊕ Λ4V2.
Let e1, . . . , ep be an orthonormal basis of V1 and f1, . . . , fq an orthonor-
mal basis of V2. Then the set onsisting of
(ei ∧ ej) ∨ (fk ∧ fl),
where 1 6 i < j 6 p and 1 6 k < l 6 q, gives a basis of the subspae
so(V1)⊗ so(V2) ⊂ S
2(so(V )). The images of these tensors under b1 span
the subspae Λ2V1⊗Λ
2V2 of Λ
4V . Therefore b1 : so(V1)⊗ so(V2)) →
Λ2V1⊗Λ
2V2 is an isomorphism. Moreover, b1(S
2(so(V1))) = Λ
4V1 and
b1(S
2(so(V2))) = Λ
4V2, whene
K(so(V1)⊕ so(V2)) = S
2(so(V1)⊕ so(V2)) ∩K(so(V ))
= K(so(V1))⊕K(so(V2)).
More generally, we wish to onsider the situation where (g, V ) is a
metri representation and V1 and V2 are orthogonal submodules of V
suh that
V = V1 ⊕ V2.
Let π : g → so(V ) be the representation of g on V and let πi : g →
so(Vi), i = 1, 2 be the two sub-representations. Then π = π1 + π2 and,
sine π is faithful, the kernels gˆ1 = ker π2 and gˆ2 = ker π1 interset
trivially, so gˆ1⊕gˆ2Eg. On the other hand, if gi := πi(g) then gE g1⊕ g2
via the inlusion π.
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We onsider two extremal ases. First, when gˆ1 = g1 and gˆ2 = g2.
Then g = g1⊕ g2
pi
→֒ so(V1) ⊕ so(V2), where π(gi) ⊂ so(Vi). The
omputations of Example 4.2 show that in this ase
K(g) =
(
S2(g1) ∩K(so(V1))
)
⊕
(
S2(g2) ∩K(so(V2))
)
= K(g1)⊕K(g2).
In other words, we have
Lemma 4.3. Let (g1, V1) and (g2, V2) be metri representations. Then
(g1⊕ g2, V1 ⊕ V2) is a metri representation and
g1⊕ g2 = g1 ⊕ g2,(4.1)
K(g1⊕ g2) = K(g1)⊕K(g2).(4.2)

The lemma shows that new metri representations may be obtained
by making diret produts of Lie algebras and representations and,
furthermore, that the Berger algebra and spae of algebrai urvature
tensors of these new metri representation are obtained from those of
the summands by diret produt. If a metri representation is obtained
in this fashion, we will use the shorthand notation
(4.3)
⊕
(gi, Vi) :=
(⊕
gi,
⊕
Vi
)
.
The seond extremal ase is when gˆ1 = {0} = gˆ2.
Lemma 4.4. If (g, V ) is a metri representation and V = V1 ⊕ V2 is
an orthogonal deomposition of V into submodules V1, V2 suh that both
the indued representations πi : g→ so(Vi) are faithful then
g = {0} and K(g) = {0}.
Proof. Let (g, V ) be a metri representation and V = V1 ⊕ V2 is an
orthogonal deomposition of V where both the sub-representations
πi : g → so(Vi) are faithful. Then g is inluded diagonally into a
diret sum g1⊕ g2 of two opies gi, i = 1, 2 of g with gi ⊂ so(Vi).
Therefore S2(g) ⊂ S2(g1)⊕g1⊗ g2⊕S
2(g2), where S
2(gi) ⊂ S
2(so(Vi))
and g1⊗ g1 ⊂ so(V1)⊗ so(V2). As b1(g1⊗ g2)
∼= g1⊗ g2 is orthogonal
to b1(S
2(g1) ⊕ S
2(g2)) any element R of K(g) must projet to zero
in so(V1)⊗ so(V2). Assume that γ
1, . . . , γd is an orthogonal basis of g.
Write γk = γk1 + γ
k
2 , where γ
k
i = πi(γ
k). Any element R ∈ K(g) may
then be written as
R =
∑
k6l
aklγ
k ∨ γl.
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The projetion of R to so(V1)⊗ so(V2) is∑
k6l
akl(γ
k
2 ∨ γ
l
1 + γ
k
1 ∨ γ
l
2) =
∑
k,l
aklγ
k
1 ∨ γ
l
2
whih is zero only if R = 0. The Lemma follows. 
Proposition 4.5. Let (g, V ) be a metri representation. Assume that
V = V1 ⊕ V2 is a deomposition of V into orthogonal submodules and
let πi : g → so(Vi), i = 1, 2 be the indued representations. Dene
gˆ1 := ker π2 and gˆ2 := ker π1. Then (gˆ1, V1) and (gˆ2, V2) are metri
representations suh that
g = gˆ
1
⊕ gˆ
2
(4.4)
and
K(g) = K(gˆ1)⊕K(gˆ2).(4.5)
Proof. When (g, V ) is metri representation with an orthogonal deom-
position of V into submodules V1⊕V2 we dene gˆi, and gi as before. Let
g˜E g be the orthogonal omplement of gˆ1⊕ gˆ2 in g. Then gi
∼= gˆi⊕ g˜i,
where g˜i = πi(g˜) and thus
gˆ1 ⊕ gˆ2 ⊂ g ⊂ g1⊕ g2
∼= (gˆ1 ⊕ g˜1)⊕ (gˆ2 ⊕ g˜2) ⊂ so(V1)⊕ so(V2).
By Lemma 4.3,
K(gˆ1 ⊕ gˆ2) = K(gˆ1)⊕K(gˆ2) and K(g1⊕ g2) = K(g1)⊕K(g2),
whene
K(gˆ1)⊕K(gˆ2) ⊂ K(g) ⊂ K(g1)⊕K(g2) ⊂ S
2(g1)⊕ S
2(g2).
The nal inlusion shows that any algebrai urvature tensor R ∈ K(g)
must have trivial projetion to g˜1⊗g˜2 ⊂ S
2(g1⊕ g2). By an argument
similar to the one given in the proof of Lemma 4.4, any urvature tensor
in K(g) must satisfy that the omponent taking values in g˜ vanishes
and therefore K(g) = K(gˆ1)⊕K(gˆ2). 
4.3. Berger Deomposition. Metri representations are not gener-
ally of the form given by equation (4.3). An obvious question to ask
is therefore: how may one ompute the Berger algebra and the spae
of algebrai urvature tensors for an arbitrary metri representation
(g, V )? The results of the previous setion will allow us to introdue
a Berger deomposition of the metri representation and show that
the Berger algebra of the metri representation may be omputed as
a diret sum of Berger algebras of the irreduible summands of the
Berger deomposition. The irreduible ase is then dealt with in the
next setion.
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Denition 4.6. Let (g, V ) be a reduible metri representation and
let
(∗) V =
⊕
i
Vi
be an orthogonal deomposition of V into irreduible submodules. For
eah i let
Vˆi :=
⊕
j 6=i
Vj,
let πi and πˆi be the projetions πi : g→ so(Vi) and πˆi : g→ so(Vˆi), and
let gi = ker πˆi. Then the Berger deomposition of (g, V ) with respet
to the deomposition (∗) is
B(g, V ) =
⊕
i
(gi, Vi).
The denition and the results of the previous setion proves
Proposition 4.7. Let (g, V ) be a metri representation. Assume that
B(g, V ) =
⊕
i
(gi, Vi).
is a Berger deomposition of (g, V ). Then
g =
⊕
i
g
i
and K(g) =
⊕
i
K(gi).

Example 4.8. Let g be a simple Lie algebra and let V be a non-trivial,
real representation of g. Then (g, V ) is a metri representation. If
Vi ⊂ V is a non-trivial submodule of V then gi is non-trivial only if
Vˆi ∼= kR, where k is a non-negative integer. Therefore g 6= {0} only if
V is either irreduible or isomorphi to V ′ ⊕ kR for some irreduible
representation V ′.
Note that the omponent representations of a Berger deomposition
may themselves be reduible. So to alulate the Berger algebra of
an arbitrary metri representation we might need to invoke Proposi-
tion 4.7 several times. However, we also have the following orollary of
Lemma 4.4:
Lemma 4.9. Let (g, V ) be a metri representation. If V ∼= kV ′ for
k > 1 and some representation V ′ of g then g = {0}.
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Proof. If (g, V ) is a metri representation where V = kV ′ then any
orthogonal deomposition V = V ′⊕(k−1)V ′ satises that the indued
representations π′ : g→ so(V ′) and π′′ : g→ so((k−1)V ′) are faithful.
Therefore Lemma 4.4 applies. 
Using Lemma 4.9 we may eliminate any reduible omponent repre-
sentations from a Berger deomposition. To see this, onsider the ase
of g represented on V = V1 ⊕ V2 where V1 is an irreduible represen-
tation and V2 is its orthogonal omplement. Write g = gˆ1 ⊕ gˆ2 ⊕ g˜ as
above. Then gˆ1 ⊕ g˜
∼= π1(g) ats irreduibly on V1. Thus, g1 must at
on V1 as a diret sum of isomorphi representations if it does not at
irreduibly.
The results we have found in the present setion, form an algorithm
for nding the Berger algebra of an arbitrary metri representation
(g, V ): rst deompose V into irreduible submodules V =
⊕
Vi and
onstrut its Berger deomposition B(g, V ) =
⊕
(gi, Vi). Then the
Berger algebra may be omputed using Proposition 4.7, Lemma 4.9
and Proposition 4.10.
4.4. Irreduible Representations. The promised result for deter-
mining when ondition () of Theorem 3.3 is satised, is nearly at
hand. In fat, from the results of the previous setion we may onlude
Proposition 4.10. Let (g, V ) be an irreduible metri representation.
Then (g, V ) satises either
(i) g = {0},
(ii) g is a Riemannian holonomy representation,
(iii) or g = sp(n) and (g, V ) = (sp(n) + u(1), JELK), where E and L
are the standard omplex representations of sp(n) and u(1).
Proof. Let (g, V ) be an irreduible metri representation. Assume that
g 6= {0}. Write g = g1⊕ g2, where g1 = g. Then the omplexiation
V⊗C falls into one of the following ases, depending on the types of
representation of g, g1 and g2 on V . In this respet we follow the
onventions of Bröker and tom Diek [2℄.
(1) If V is of real type, then either
(a) V⊗C = U1⊗U2, where U1 and U2 are irreduible omplex
representations of real type, or,
(b) V⊗C = U1⊗U2, where U1 and U2 are irreduible omplex
representations of quaternioni type.
(2) If V is of omplex type, then V⊗C = U1⊗U2 + U1⊗U2 where
U1 and U2 are irreduible omplex representations and either
U1 or U2 is of omplex type.
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(3) If V is of quaternioni type then V⊗C = 2U1⊗U2 where U1 and
U2 are irreduible omplex representations and either
(a) U1 is of quaternioni type and U2 is of real type, or,
(b) U1 is of real type and U2 is of quaternioni type.
Lemma 4.9 ensures that the restrition of the representation V to g1 is
irreduible. This plaes severe restritions on the dimension of U2. To
obtain the desired result all that is needed is essentially book-keeping:
In ase (1a), the dimension of U2 must be one, so g2 6 so(1) = {0}. In
ase (1b) if q = dimU1 then g1 = sp(q/2) as this is the only holonomy
representation of quaternioni type, and dimU2 = 2 whene g2 = {0}
or sp(1). However, the later possibility ontradits the holonomy las-
siation, so g2 = {0}.
In ase (2), dimU2 must be one for V to be irreduible and g2 must
then be either {0} or u(1). Then g1 and U1 must be either u(n), su(n)
or sp(n) ating on their standard omplex representations. However,
u(n)⊕ u(1) does not at faithfully on Λ1,0⊗L and su(n)⊕ u(1) ating
on Λ1,0⊗L is a holonomy representation, so the only possibilities are
g2 = {0} or g1 = sp(n) and g2 = u(1) with U1 = E, U2 = L.
In ase (3a), dimU2 is one again and g2 6 so(1) = {0}. In ase (3b),
dimU2 > 2 and this implies that V is reduible and thus we have a
ontradition with the initial assumption. 
Corollary 4.11. If V is an irreduible representation of a Lie algebra
g then either K(g) = {0} or (g, V ) is an irreduible holonomy repre-
sentation, or (sp(n)⊕ u(1), JELK). 
The assumption of irreduibility in Corollary 4.11 is not quite what
we want. If G is a onneted Lie group there is no problem as any irre-
duibleG-representation will be an irreduible module of its Lie algebra
g. If G is not onneted we may have an irreduible G representation V
that is reduible as a representation of g. But then its deomposition
as a g-module is into a diret sum of isomorphi submodules. This
is so sine the identity omponent G0 of G preserves the g-irreduible
submodules. So if V1 and V2 are G0-irreduible subrepresentations of
V then there is some element of G \ G0 that maps V1 to V2 whereby
they are seen to be isomorphi as G0-representations. Lemma 4.9 then
yields:
Corollary 4.12. Let V be an n-dimensional, irreduible, real repre-
sentation of a Lie group G. If the Lie algebra g of G ats reduibly on
V then K(g) = {0}. 
The Corollaries 4.11 and 4.12 and the third olumn of Table 1 give
us:
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Theorem 4.13. Let V be an irreduible representation of a Lie group
G. Then one of the following holds
(a) K(g) = {0},
(b) G ats on V as an irreduible holonomy representation, or,
() G = Sp(n)U(1) and V = JELK.
In partiular, the spae of algebrai urvature tensors onsists only of
Einstein tensors if and only if g is a proper subalgebra of so(n) and V
is not the standard representation of u(n/2). 
Note for future use, that in ase () the Berger algebra is sp(n).
5. Parallel Torsion and Einstein Metris
In this setion we return to the following set-up: Let (M, g, V ) be
a G-manifold determined by ∇ˆ, a metri onnetion on M . Let η ∈
V⊗Λ2V be its torsion tensor. Assume that the torsion tensor is parallel
with respet to ∇ˆ:
∇ˆη = 0.
Note that this implies that η is invariant by the holonomy G of ∇ˆ,
whene ηgX .η = 0 where . denotes the standard ation of so(n) on
V⊗ so(n). We onlude that the intrinsi torsion ξ of (M, g, V ) is in-
variant by G as well as parallel with respet to the minimal onnetion.
Therefore the following denitions are equivalent:
Denition 5.1. Let (M, g) be Riemannian manifold. We say that
(M, g) has parallel torsion if it admits a metri onnetion ∇ˆ for whih
the torsion η satises ∇ˆη = 0.
Denition 5.2. Let (M, g, V ) be a G-manifold. We say that (M, g, V )
is a parallel G-manifold if the intrinsi torsion is parallel with respet
to the minimal onnetion.
The following result is then an easy onsequene of equation (2.2)
and invariane of the torsion by the holonomy group.
Theorem 5.3. Let (M, g, V ) be a parallel G-manifold whih further-
more is G-irreduible. Then (M, g) is Einstein if (K(g)⊗S20V )
G =
{0}. 
5.1. Ambrose-Singer Manifolds. A partiular instane of parallel
G-manifolds are those whih admit a onnetion for whih both the
urvature and the torsion are parallel.
18 RICHARD CLEYTON AND ANDREW SWANN
Denition 5.4. Let D be a metri onnetion on a Riemannian man-
ifold (M, g) for whih the urvature RD and torsion TD satises
DTD = 0, DRD = 0.
Then D is alled an Ambrose-Singer onnetion. A triple (M, g,D)
where (M, g) is a Riemannian manifold and D is an Ambrose-Singer
onnetion will be alled an Ambrose-Singer manifold.
Remark 5.5. In the literature, an Ambrose-Singer manifold is often
alled a loally homogeneous manifold. Note that Ambrose-Singer man-
ifolds are not loally dieomorphi to homogeneous spaes.
To eah Ambrose-Singer onnetion D we may of ourse assoiate
the G-manifold (M, g, V ) given by its holonomy. Thereby we obtain
a parallel G-manifold (M, g, V ). An obvious question is: When do we
obtain an Ambrose-Singer manifold from a Riemannian manifold with
parallel torsion?
Lemma 5.6. Let (M, g) be a Riemannian manifold and let ∇ˆ be a
metri onnetion on M with parallel torsion. If the Riemannian G-
manifold (M, g, V ) given by the holonomy of ∇ˆ has trivial Berger alge-
bra then (M, g, ∇ˆ) is an Ambrose-Singer manifold.
Proof. Let (M, g) be a Riemannian manifold with a metri onnetion
∇ˆ for whih the torsion tensor η is parallel. Let g be the Lie algebra of
the holonomy of ∇ˆ. Assume that g = {0} or, equivalently, that K(g) =
{0}. This implies that the urvature Rˆ is determined ompletely by
the tensor (η2) through the Bianhi relation (2.3). Therefore both
∇ˆη = 0 and ∇ˆRˆ = 0
hold. 
To an Ambrose-Singer manifold (M, g,D) one may also assoiate an
innitesimal model. Briey, this onsists in building a Lie braket [·, ·]h
on h := g⊕V by dening
(5.1) [A+X,B + Y ]h :=
(
[A,B]g + RˆX,Y
)
+
(
AY − BX − TˆXY
)
.
where TˆXY = −ηXY + ηYX is the `usual' torsion of ∇ˆ, A,B ∈ g and
X, Y ∈ V . The Bianhi relations and invariane of Tˆ and Rˆ by g
ensures that this satises the Jaobi-identity. Thus, we obtain a pair
of Lie algebras (g, h) with g 6 h.
Denition 5.7. Let (g, h) be a pair of Lie algebras. We say that (g, h)
is eetive if g 6 h and the representation of g on h / g is faithful.
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Remark 5.8. When g is the holonomy algebra of an Ambrose-Singer
onnetion and h = g⊕V with Lie braket dened as in equation (5.1)
above then the pair of Lie algebras (g, h) is eetive.
Denition 5.9. Let g and h be Lie algebras suh that (g, h) is eetive.
Let H be the onneted, simply-onneted Lie group with Lie algebra
h and G the onneted Lie subgroup of H with Lie algebra g. We will
say that (g, h) is regular if H a losed subgroup of G. Similarly we
will say that an Ambrose-Singer manifold is regular if the pair of Lie
algebras obtained from its innitesimal model is regular.
In [15℄, Trierri proved the following Theorem.
Theorem 5.10. An Ambrose-Singer manifold is loally isometri to a
homogeneous spae if and only it is regular. 
Corollary 5.11. Let (M, g, V ) be a G-manifold where G is the ho-
lonomy of a metri onnetion ∇ˆ on M with parallel torsion. As-
sume that the Berger algebra of g is trivial. Then (M, g, ∇ˆ) is an
Ambrose-Singer manifold and (M, g) is loally isometri to a homoge-
neous spae if and only if (M, g, ∇ˆ) is regular. 
Note that if a Lie algebra h has a redutive deomposition h =
g⊕V where V is an irreduible and faithful representation of g then
G must be either H or G. By ontinuity G preserves the redutive
deomposition g⊕V . So assuming that G = H leeds to the onlusion
that the ation of adh preserves the subspaes of the redutive splitting.
In partiular, [g, V ] ⊂ V and [V, g] ⊂ g. This implies that g ats
trivially on V and therefore establishes a ontradition. So we have
Proposition 5.12. Let (M, g, V ) be a G-irreduible manifold where G
is the holonomy of a metri onnetion for whih the torsion is parallel.
Assume that the Berger algebra of g is trivial. Then (M, g) is loally
isometri to an isotropy irreduible homogeneous spae H/G. 
5.2. Classiation. Let (M, g) be a Riemannian manifold, parallel
with respet to some metri onnetion ∇ˆ. Assume that the holonomy
algebra g of ∇ˆ ats irreduibly on the tangent spaes V . If the torsion
is assumed to be non-trivial, this immediately plaes heavy restritions
on the pair (g, V ) sine g must leave some tensor in V⊗ so(n) invariant.
If we write so(n) = g⊕ g⊥ then we have one of two possibilities: Either
g ∼= V and g is a simple Lie algebra or g⊥ ontains a submodule
isomorphi to V . The following lemma is obtained by inspetion of
representations.
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Lemma 5.13. Let V ∼= Rn be an irreduible representation of a Lie
algebra g 6 so(n) and let g⊥ be the orthogonal omplement of g in
so(n).
(i) Assume that (V⊗ g)G 6= {0}. Then g is simple Lie algebra V ∼= g
and K(g) ∼= R.
(ii) Assume that
(
V⊗ g⊥
)G
6= {0} 6= K(g). Then (g, V ) is either
(su(3),C3) or (g2, V
7). In both ases K(g) is an irreduible rep-
resentation not isomorphi to V nor to R.
In all ases the invariant tensors are three-forms. 
Lemma 5.13 allows us to make the following lassiation Theorem:
Theorem 5.14. Let (M, g, V ) be a G-irreduible manifold determined
by a metri onnetion ∇ˆ on (M, g). Assume that the torsion of ∇ˆ is
parallel with respet to ∇ˆ. Then one of the following statements holds:
(a) (M, g) is loally isometri to a non-symmetri, isotropy irreduible
homogeneous spae,
(b) (M, g) is loally isometri to one of the irreduible symmetri spaes
(G×G)/G or GC/G,
() (M, g) has weak holonomy SU(3) or G2,
(d) the torsion of ∇ˆ vanishes and (M, g, V ) is the G-manifold deter-
mined by the Levi-Civita onnetion and G is the Riemannian ho-
lonomy group of (M, g).
Proof. Assume that (M, g, V ) is a G-irreduible Riemannian manifold
determined by a metri onnetion suh that the torsion η is non-trivial
and parallel: ∇ˆη = 0.
If the spae of algebrai urvature tensors is trivial then proposi-
tion 5.12 applies (M, g, ∇ˆ) is an Ambrose-Singer manifold and loally
isometri to an isotropy irreduible spae.
If K(g) 6= {0} then g ats irreduibly on V by Lemma 4.9. The
torsion η is therefore skew-symmetri by Lemma 5.13. Sine ∇ˆη = 0
we may write
Rg = Rˆ + (η2)
where
(η2)X,Y Z = [ηX , ηY ]Z − ηηXY−ηY XZ.
Note that sine η is skew-symmetri we have
(η2) = η2 + b1η
2
where η2X,Y Z := ηZ(ηXY ). Also note that
(b1η
2)X,Y Z = ηX(ηY Z)− ηηXY Z − ηY (ηXZ) = (ηX .η)Y Z
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where . denotes the standard ation of so(n) on V⊗ so(n).
Assume that b1η
2 = 0 = η.η = b1Rˆ. Then both Rˆ and η
2
are
algebrai urvature tensors. Furthermore, sine 0 = b1η
2 = η.η the
torsion tensor takes values in V⊗ g′ where g˜ = stab η > g. This means
that (η2) = η2 ∈ K(g˜) and therefore η2 spans a trivial submodule
K(g˜). Now Lemma 5.13 and Table 1 shows that g˜ must be a simple
Lie algebra and that V ∼= g˜, and thus also that g = g˜ and K(g) ∼= R.
So Rˆ = κη2 for some funtion κ : M → R. But (M, g) is Einstein by
Theorem 5.3, so the salar urvature sg is onstant. But
sg =
∑
i,j
g(Rgei,ejej , ei) = (1 + κ)
∑
i,j
g(ηeiej, ηeiej) = 2(1 + κ) ‖η‖
2
where {ei : i = 1, . . . , n} is an orthonormal basis of V and both sg
and ‖η‖2 are onstants. Therefore κ must be onstant too, whene
∇gRg = (1 + κ)(∇ˆ(η2) + η.(η2)) = 0.
Finally, if η.η 6= 0 then the projetion ξ of η to V⊗g˜ is non-trivial.
Applying Lemma 5.13 shows that g˜ = g, ξ = η and that (g, V ) is either
(su(3),C3) or (g2, V
7). 
6. Invariant Intrinsi Torsion
Empirial evidene suggests that ondition (b) of Theorem 3.3 in fat
implies that the intrinsi torsion must be invariant, i.e., W ∼= kR. Let
this serve as motivation for onsidering that ase in partiular detail.
Theorem 3.3 with W ∼= kR beomes
Proposition 6.1. Let (Mn, g, V ) be a Riemannian G-manifold. As-
sume that the intrinsi torsion takes its values in the G-submodule
W ∼= kR ⊂ V⊗ g⊥. Then g is Einstein if the following onditions
are satised:
(a
′
) (V⊗S20V )
G = {0}
(b
′
) V is irreduible.
(
′
) g is a proper subalgebra of so(n) and g 6= u(n/2).

As before, these assumptions imply that the intrinsi torsion is a
three-form.
6.1. Invariant versus Parallel Torsion. The assumption of invari-
ane of the intrinsi torsion appears more general than that of paral-
lel torsion. It is lear that a manifold with parallel intrinsi torsion
must have invariant intrinsi torsion, sine the G-struture given by
the holonomy of the minimal onnetion in this ase leaves the torsion
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invariant. In this setion, we will prove that the onverse holds under
a quite weak ondition.
Theorem 6.2. Let (M, g, V ) be a G-manifold with skew-symmetri
intrinsi torsion taking values in some submodule W of V⊗ g⊥. If
(V⊗W⊗S2W )G = {0} then the intrinsi torsion is parallel with respet
to the minimal onnetion.
Proof. Let ∇˜ be the minimal onnetion and ξ the intrinsi torsion of
M . Write g⊥ for the orthogonal omplement of g in so(n). We write
the Riemannian urvature tensor as
Rg = R˜ + (∇˜ξ) + (ξ2).
where R˜ ∈ Λ2V⊗ g, (∇˜ξ) ∈ Λ2V⊗ g⊥ and (ξ2) ∈ (S2(g⊥))G. We
have that (∇˜ξ) is the anti-symmetrisation on the rst two fators of
∇˜ξ ∈ V⊗Λ3V . When restrited to V⊗Λ3V , this anti-symmetrisation
is an isomorphism V⊗Λ3V ∼= Λ4V + Λ2(Λ2V ). Therefore,
0 =
〈
(∇˜ξ), Rg
〉
=
〈
(∇˜ξ), (∇˜ξ) + (ξ2)
〉
=
〈
(∇˜ξ), (∇˜ξ)
〉
.
The last equality holds sine the assumption (V⊗W⊗S2W )G = {0}
implies (∇˜ξ) ∈ V ⊗W and (ξ2) ∈ S2W are orthogonal. 
Corollary 6.3. Let (M, g, V ) be a G-manifold with invariant intrinsi
torsion suh that V G = {0} and suh that the intrinsi torsion is skew-
symmetri. Then the intrinsi torsion is parallel with respet to the
minimal onnetion. 
The onlusion, that ∇˜ξ = 0, implies that H := Hol(∇˜) ⊂ Stab(ξ).
However, as ∇˜ is a G-onnetion we also have H ⊂ G. Thus, if ξ 6= 0
then the holonomy group H must be a proper subgroup of G.
Lemma 6.4. Let (M, g, V ) be a G-manifold with intrinsi torsion ξ
and minimal onnetion ∇˜. Write H for the holonomy group of ∇˜
and let (M, g, V ′) be the H-manifold determined by the holonomy of ∇˜.
Then the intrinsi torsion of (M, g, V ′) is ξ.
Proof. Sine ∇˜ is a G-onnetion H = Hol(∇˜) ⊂ G. Therefore ∇˜ is a
H-onnetion and, moreover, g⊥ ⊂ h⊥, whene ξ ∈ V ′⊗ h⊥. 
Proposition 6.5. Let (M, g) be a Riemannian manifold. Assume there
exists a G-struture on M with tangent representation V and skew-
symmetri intrinsi torsion taking values in W , where V and W satisfy
(V⊗W⊗S2W )G = {0}. Then there exists an H-struture on M with
invariant skew-symmetri intrinsi torsion whih is parallel with respet
to the minimal onnetion.
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Proof. Assume that (M, g, V ) is a Riemannian G-manifold with intrin-
si torsion ξ ∈ W ⊂ Λ3V ∩
(
V⊗ g⊥
)
. If (V⊗W⊗S2W )
G
= {0} then
∇˜ξ = 0 by Theorem 6.2. As we have argued above, H = Hol(∇˜) then
leaves ξ invariant. The Proposition now follows from Lemma 6.4. 
6.2. Classiation. As orollaries of Lemma 5.13, Theorem 5.14 and
Corollary 6.3 we obtain the following lassiations.
Theorem 6.6. Let (M, g, V ) be a G-irreduible Riemannian mani-
fold. If the intrinsi torsion of M as a G-manifold is invariant skew-
symmetri and non-vanishing then either (M, g) has weak holonomy
SU(3) or G2 or (M, g) is loally isometri to a non-symmetri isotropy
irreduible homogeneous spae. In partiular, (M, g) is Einstein. 
Reall that a G-manifold (M, g, V ) with intrinsi torsion taking val-
ues in W ⊂ V ⊗ g⊥ for whih the three onditions (a), (b) and ()
of Theorem 3.3 are satised is G-irreduible and has skew-symmetri
intrinsi torsion. For the partiular ase of W ∼= kR we now have:
Theorem 6.7. Let (M, g, V ) be a Riemannian G-manifold. Assume
that the intrinsi torsion takes its values in the G-submodule W ∼=
kR ⊂ V⊗ g⊥. Furthermore, assume that V satises
(a
′
) (V⊗S20V )
G = {0}
(b
′
) V is irreduible.
(
′
) g is a proper subalgebra of so(n) and g 6= u(n/2).
Then either (M, g) has weak holonomy SU(3) or G2 or (M, g) is loally
isometri to a non-symmetri isotropy irreduible homogeneous spae.

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